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The object of this paper is to establish some nonlinear integral inequalities of 
the Wendroff type which can be used as handy tools in the theory of partial 
differential and integral equations. 
I. INTRODUCTION 
In recent years there have been a number of linear and nonlinear generaliza- 
tions of the well known integral inequality resulting from T. H. Gronwall [4]. 
An interesting but apparently neglected generalization of Gronwall’s inequality 
in two independent variables is due to Wendroff given in [l, p. 1541. The 
challenge of WendrofYs inequality has recently evoked lively interest in the 
literature, as may be seen from the recent papers of Snow [l 1, 121, Ghoshal and 
Masood [3] and Pachpatte [5-81 which are motivated by certain applications in the 
theory of partial differential and integral equations. The purpose of this paper is 
to establish some nonlinear integral inequalities of the Wendroff type which 
can be used in the analysis of partial differential and integral equations. To the 
author’s knowledge such inequalities have not been considered before and seem 
to have much future in the literature. 
2. MAIN RESULTS 
In this section we state and prove some useful integral inequalities in two 
independent variables which claim the following as their origin. 
LEMMA (Wendroff [l, p. 1541). Let 4(x, y) and c(x, y) be real-valued non- 
negative continuous functions de$ned for x ‘3 0, y > 0, for which the inequality 
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holds for x > 0, y > 0, where a(x), b(y) > 0; a’(x), b’(y) > 0 are real-valued 
continuous functions defined for x 3 0, y > 0. Then 
k(O) + b(Y)l kdx) + b(0)l exp , t) ds dt 
for all x > 0, y > 0. 
Recently, Snow [ll, 121 and Ghoshal and Masood [3] have obtained some 
useful generalizations of this lemma by using Riemann’s function. More recently, 
in a series of papers [5-81, the second author of this paper has established a num- 
ber of new integral inequalities in two independent variables. Our results in this 
paper are motivated by Wendroff’s inequality given in Lemma and the integral 
inequalities recently established by Pachpatte [9, lo]. 
A useful nonlinear generalization of Wendroff’s inequality is embodied in the 
following theorem. 
THEOREM 1. Let $(x, y) and p(x, y) be real-valued nonnegative continuous 
functions defined for x 2 0, y 2 0; let H(u) be a positive, continuous, monotonic, 
nomtecreasing function for u > 0, H(0) = 0, Hy(u) > 0, and suppose further that 
the inequality 
4(x, Y> < 44 + 4~) + LELy ~6, t) W4(s, t)) ds 4 
is satisfied for x 3 0, y > 0, where a(x), b(y) > 0; a’(x), b’(y) 3 0 are real- 
valued continuous functions de$ned for x 3 0, y 3 0. Then for 0 ,< x < x1 , 
O<Y~Yl, 
dtx, Y> < G-l [QtQtO) + b(Y)) + s,’ H(a;;;$-J)) + ~zj-oyP(S, t) ds d”] , 
where 
52-l is the inverse function of ~2, and x1 , y1 are chosen so that 
Q(ato) -t b(Y)) i- Jz H(a$~b(o)) + ~o~~oyp(s, t) ds dt E Dom(Q-l), 
for all x, y &ing in the subintervals 0 ,( x < xl , 0 < y < y1 of real numbers. 
WENDROFF TYPE INEQUALITIES 163 
Proof. Define a function U(X, y) by the right member of (l), then 
Il,y(x, y) = p(x7 Y) W(X~ Yh 
u(x, 0) = a(x) + b(O), u(O, Y) = a(O) + b(Y), 
which in view of (1) implies 
i.e. 
z&(x, y) < p(x, Y) fwX~ r)h 
%4X? Y> 
H(u(x, y)) 9 Hxt 3% 
From (4) we observe that 
(4) 
i.e. 
Integrating both sides of the above inequality with respect to y from 0 to y we 
have 
From (3) and (5) we observe that 
44 
Qdu(x’y)) ’ g(u(x) + b(0)) + j-‘p(x, 4 dt. o 
Integrating both sides of the above inequality with respect to x from 0 to x we 
have 
J?(u(x, Y)) G Q@(O) + b(y)) + I Htu;;~)“bco,, + lzj-oy p(s, t) ds dt. (6) 
Now substituting the bound on u(x, y) from (6) in (1) we obtain the desired 
bound in (2). The intervals of real numbers for x and y are obvious. 
We next establish the following two independent variable generalization of the 
integral inequality recently established by Pachpatte [9, Theorem 21. 
THEOREM 2. Let +(x, y) and p(x, Y) b e real-valued nonnegative continuous 
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functions de$ned for x > 0, y 2 0; let H(u), Hy(u) be the same functions as 
defined in Theorem 1, and suppose further that the inequality 
(7) 
is satis$ed for x > 0, y 3 0, where a(x), b(y) > 0; a’(x), b’(y) 3 0, are real- 
valued continuous functions defined for x > 0, y 3 0. Then for 0 < x < x2, 
0 \cY GYZ, 
b(x, Y> d 44 + b(y) + ~‘~‘P(s, 0 G-l [WO) + b(t)) 
a’(m) dm 
’ Ls a(m) +b(O) +W(m) + b(O)) + ~‘~‘p(rn, n) dm dn] ds dt, 
(8) 
where 
G-l is the inverse function of G, and x2 , yz are chosen so that 
GMO) + b(Y)) + I a(m> + b(O;‘~~(~(m) + b(0)) + ~zj+ovP(m~ n, dm dn 
E Dom(G-I), 
for all x, y lying in the subintervals 0 < x < x2 , 0 < y < yz of real-numbers. 
Proof. Define a function u(x, y) by the right member of (7), then 
4x, Y) = P(X, Y> (4(x, Y> + &joy p(m, 4 fWh n)) dm dn) B 
~(3, 0) = a(x) + b(O), ~(0, Y) = 40) + b(y) 
which in view of (7) implies 
u,&, y) < P(X, Y> (4~ Y) + ~oz~vp(m~ 4 H(u(m, 4) dm da) - (10) 
If we put 
v(x, Y) = u(x, Y) + ~z~ovp(m, 4 H(+, 4) dm dn, 
v(x, 0) = 44 + b(O), ~(0, y) = a(O) + b(y), 
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then 
%!&, Y) = %,(XY Y> + P(% Y) H(u (x, Y)). (12) 
Using the facts that ~l,&c, y) < p(x, y) W(X, Y) from (10) and 4% Y> < r& Y) 
from (11) in (12) we have 
NOW by following the similar argument as in the proof of Theorem 1 in view 
of the definition of G given in (9) we obtain the estimate for V(X, Y) such that 
Substituting this bound on w(x, y) in (10) and then integrating both sides first 
with respect toy from 0 to y and then with respect to x from 0 to x we have 
4% Y> d 44 + b(y) + f’j’ P(S, 9 G-l [G(u(O) + b(t)) 
0 0 
+ I u(m) + b(OP’~~(:(m) + b(0)) 
+ lSDlp(rn, n) dm dn] ds dt. 
Now substituting this bound on u(x, y) in (7) we obtain the desired bound in (8). 
The intervals of real numbers for x and y are obvious. 
We next state and prove the following integrodifferential inequality in two 
independent variables which can be used in some applications. 
THEmm 3. Let +(x, Y), &,(x, y) b e real-vulued nonnegative continuous 
functions defined for x 2 0, y > 0; 4(x, 0) = $(O, y) = 0; undp(x, y) > 1 be real 
valued continuous function defined for x > 0, y > 0; let H(u), Hy(u) be the same 
functions us defined in Theorm 1, and suppose further that the inequality 
hzr(x~ Y>G 4x> + 0) + M [4(x> Y) + jozjov P(S, t) W,W, t)) ds dt] , (13) 
is satisfiedfor x > 0, y > 0, where u(x), b(y) > 0; u’(x), b’(y) > 0 are real vuZued 
continuous functions defined for x > 0, y > 0; and M > 0 is a constant. Then for 
Odx<x,, OGYGY,, 
(14) 
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where G and G-1 are as dejned in Theorem 2 and x8 , ya are chosen so that 
E Dom(G-l), 
for all x, y lying in the subintervals 0 < x < x3 , 0 ,< y ,< y3 of real numbers. 
Proof. Define a function u(x, y) by the right member of (13), then 
u,&, Y) = M@z&, Y) + I’@, Y) W& YNI, 
u(x, 0) = a(x) + b(O), U(O,Y) = a(O) + b(Y), 
which in view of (13) and the fact that p(x, y) > 1 implies 
G,(x, Y) ,< MP(x, Y) [4x, Y) + W(x~ rNl- 
Now by following the similar argument as in the proof of Theorem 1 we obtain 
the estimate for Y(X, y) such that 
Substituting this bound on U(X, y) in (13) we obtain the required bound in (14). 
To this end we establish the following two independent variable generalization 
of the integrodifferential inequality recently established by Pachpatte [lo, 
Theorem 21 which may be convenient in certain situations. 
THEOREM 4. Let +(x, y), &&, y), p(x, y) and H(u), Hy(u) be the same 
functions as in Theorem 3, and suppose further that the inequality 
$bsu(x, y) < a(x) + b(Y) + JozJ-ou P(S, t) qie t) + d&9 0) ds 4 (15) 
is satisfiedfor x > 0, y > 0, where a(x), b(y) > 0; a’(x), b’(y) 3 0 are real-valued 
continuousfunctions definedfor x > 0, y 3 0. Thenfor 0 < x < x, , 0 < y < ya , 
A&, Y> G 44 + 4~) + ~‘~‘14s~ t> H (G-l [ GW) + W)) 
+ Jy- u(m) + b(o;‘y%gm) + b(O)) 
+ s’/” p(m, n) dm dn]) ds dt, 
o o 
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where G and G-1 are as dejked in Theorem 2 and x4 , y4 are chosen so that 
E Dom(G-l), 
for all x, y lying in the subintervals 0 < x < x4, 0 < y < y4 of real numbers. 
Proof. Define a function u(x, y) by the right member of (15) then 
~~Y(X~ Y>= P(% Y> fwx, Y> + hzY(X~ Y>>, 
u(x, 0) = a(x) + b(O), 40, Y> = 40) + b(y). (17) 
From the definition of u(x, y) we observe that 
hzY(X, Y) G 4x> Y), (18) 
and hence from (18) we have 
4(x, Y) G s6;Jby u(s, 9 ds dt. (19) 
Using (18) and (19) in (17) we have 
If we put 
G.(x, Y> < P(X, Y) H (4~ Y> -i- IL’ 4s> t> ds dt) . 
v(x, Y) = 4x, y) + j-‘Jy u(s, t> ds dt, 
0 0 
v(x, 0) = a(x) + b(O), $0, Y) = 40) + b(y), 
then as in Theorem 2 we obtain 
The remainder of the proof, which is offered for the sake of completeness is 
similar to an argument as in Theorem 2, we leave the details to the reader. 
We note that from (14) and (16), one can very easily establish the bounds on 
4(x, y) by integrating (14) and (16) first with respect toy from 0 toy and then 
with respect to x from 0 to x. 
3. SOME APPLICATIONS 
In this section we indicate some applications of our results to obtain the 
bounds on the solutions of some partial differential and integral equations. 
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We believe that the integral inequalities established in this paper may be 
used in the theory of partial differential and integrodifferential equations in 
essentially the same capacity as the inequalities of the Bihari type [2] are used 
in the theory of ordinary differential and integral equations. To illustrate the 
application of our Theorem 1 we establish the bound on the solution of a partial 
integral equation of the form 
m-9 
where all the functions are continuous on their respective domains of their 
definitions and 
I f(% Y>l G 44 + b(Y), (21) 
I m y, s, t, 4 < PCS, t)q u I) (22) 
for x > 0, y > 0, where a(x), b(y) and p(x, y) are as defined in Theorem 1. 
Using (21) and (22) in (20) and th en applying Theorem 1, we obtain the bound 
on the solution u(x, y) of (20). 
In concluding this paper we also note that the integral inequalities established 
in Theorems l-3 can be used to obtain the bounds on the solutions of 
Ury = g(x, y, 4, (23) 
u,,=F[r,~,u,~~~~k(x,y,s,t,u)dsdt], (24) 
(25) 
respectively, under some suitable conditions on the functions involved in (23)- 
(25) together with the suitable given boundary conditions. 
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